ON THE ANTIPODE OF A CO-FROBENIUS 
(CO)QUASITRIANGULAR HOPF ALGEBRA 



MARGARET BEATTIE AND DANIEL BULACU 

Abstract. We extend to the co-Frobenius case a result of Drinfcld and Rad- 
ford related to the fourth power of the antipode of a finite dimensional (co) 
quasitriangular Hopf algebra. 



1. Introduction and Preliminaries 

Throughout this paper, H will denote a (not necessarily finite dimensional) co- 
Frobenius Hopf algebra over a field k. All maps are assumed to be fc-linear. We use 
the conventional Sweedlcr-Hcyncman notation for the Hopf algebra comultiplica- 
tion: A(/i) = hi ® h2, h £ H (summation understood). As usual, the iP-bimodule 
structure on H and the iJ-bimodule structure on H* are given by 

I* — 1 h m* = m* (hi)h,2l* (ha) and (h m* *— l)(m) = m*(lmh) 

for all h,l,m S H, l*,m* £ H*. The antipode of H is denoted S with composition 
inverse S 1-1 . The group of grouplike elements of H is denoted G(H) and the 
grouplikes of H°, namely the set of algebra maps from H to k, by G(H°). We 
assume familiarity with the basic theory of Hopf algebras; see [H[TUJ[T3] for example. 

In this short note, we see that for H co-Frobenius and quasitriangular (coqua- 
sitriangular), the grouplike elements in H (H* respectively) which define S 4 as an 
inner (co-inner) automorphism can be expressed in terms of the modular elements 
in H and H* , thus extending results of Drinfeld and Radford. 

Recall that a Hopf algebra H is co-Frobenius if iJ* rat ; the unique maximal ra- 
tional submodule of H*, is nonzero, or, equivalently, if the space of left or right 
integrals for H, denoted J ; and J respectively, is nonzero. It was shown in [3] 
that H contains a distinguished grouplike element a, which we also call the modular 
element of H, such that for all A G /, , 

(1.1) X(hi)h 2 = A(/i)a~ 1 and A o S 2 = a" 1 A ^ a. 

From the definition of a left integral and from (jl.ip . we have that for all h,l G H, 

(1.2) \{hl 2 )h = \(hal)S(hi) and X(hh)l 2 = X^S- 1 ^)^ 1 . 

For r either a nonzero left or right integral for H in H* I&t , there are bijective 
maps from H to if * rat given by 

(1.3) h i !■ (h ^ r) and h i ^ (T A h). 



The first author's research is supported by NSERC. 

The second author had support from a PDF at Mount Allison University. He thanks Mount 
Allison University (Canada) for their warm hospitality. 



2 



MARGARET BEATTIE AND DANIEL BULACU 



Let x denote the generalized Frobenius automorphism of H defined in pQ, that 
is, for A G J t H , x is the algebra automorphism of H defined by 

(1.4) h -± A = A ^- x(h), for all h G H. 

Then the algebra map a :— eox G H* is called the modular clement for H in H* , 
terminology justified by the finite dimensional case; see [TJ Remark 2.2]. Moreover, 

(1.5) X {h) = a(h 2 )S- 2 (h!) for all h € H . 

Radford's formula for S A extends to co-Frobenius Hopf algebras as follows. 

Theorem 1.1. [1, Theorem 2.8] For H co-Frobenius with modular elements a G H , 
a G H* , then for all h G H , 

S f4 (/i) = a(a h ar x )a~ x = a~ 1 (hi)ah 2 a~ 1 a(h 3 ). 

Of course, if H is not finite dimensional, then there is no nonzero integral t G H, 
but nonetheless many of the properties of finite dimensional Hopf algebras which 
are proved using integrals (such as the S 4 formula above) carry over to infinite 
dimensional co-Frobenius Hopf algebras using the integral in H* and the modular 
elements. Another example, although not directly related to the theme of this 
paper, is given in the next proposition as further illustration of this point of view. 

Proposition 1.2. (cf. [TTJ Proposition 4}) Let H be co-Frobenius with A, a, a as 
above. Then the following are equivalent. 

(i) S 2 is co-inner (or equivalently S~ 2 is co-inner). 

(ii) There are p,r G (H (g> H)* such that for all h, I G H . 

(1.6) X(lh) = p{hx ® h)X(h 2 l 2 )T{h 3 <g> f 3 ). 

Proof. We outline the proof. If S~ 2 = co — Inn w , i.e., S~ 2 (h) = LU~ 1 (hi)h 2 Lo(h 3 ) 
for some u G U(H*), then writing X(lh) = X(x(h)l), and using (|1.5p . it is easy to see 
that X(lh) = p{h\®l\)X{h 2 l 2 )T{h 3 ®lz) where p = u^ 1 ®e and r = (uj®e) * (a®e). 
Conversely, note that X(lh) = (A x(h))(l) and, use l|1.2|) to obtain 

p(hi (g) h)X(h 2 l 2 )T(h 3 ® l 3 ) = p(hi <g> S(h 2 ))X(h 3 l)T(h 5 ® S , " 1 (/i 4 )a" 1 ). 

Thus from (| 1 . 4|) together with (|1.3|) . one obtains that 

X (h) = aih^S- 2 ^) = pQit ® S(h 2 ))h 3 r(h 5 ® 5- 1 (/i 4 )a- 1 ) = p 1 {h^r' {h 3 ), 

where p',r' have the obvious definitions. Thus S~ 2 (h) = p' (hi)h 2 r" (h 3 ) where 
t" = t' * a^ 1 . Applying e, we see that p' * t" = e. Now compute p' — ^ S~ 2 (h) = 
h p' to see that p' = p' o S~ 2 and similarly r" = r" o S~ 2 . Then r" * p'(h) = 
t" * p'(S~ 2 (h)) = e(h) and so p' and r" are inverse in H* and S~ 2 , and thus S 2 , 
is co-inner. □ 

For (H, R) quasitriangular then S 2 is an inner automorphism induced by u or 
by v := S^u) -1 defined via R. Then vu — uv, and S 4 = Inn^. As well, (see 
(|2.6|) below), vu G G(H). For finite dimensional, it was proved independently by 
Drinfeld [H Proposition 6.2] and Radford [Til Theorem 2] that w = vu = ag a where 
a G H and a G H* are the modular elements as above, and g a is a grouplike element 
defined via R and a. In this paper, we extend this formula to not necessarily finite 
dimensional quasitriangular co-Frobenius Hopf algebras with an analogous result 
for coquasitriangular co-Frobenius Hopf algebras. Note that this paper takes a new 
approach and that the proof in the coquasitriangular case cannot be viewed as the 
formal dual of the proof given in the quasitriangular case. 
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2. S 4 WHEN (H,R) IS A CO-FROBENIUS quasitriangular Hopf ALGEBRA 

Throughout this section, as well as co-Frobenius, (H, R) will be almost cocom- 
mutative or else quasitriangular with modular elements a £ H and a £ H* . For 
example, the tensor product of a finite dimensional quasitriangular Hopf algebra 
and an infinite dimensional group algebra would satisfy the above conditions. 

Recall that, for H a Hopf algebra and R — R 1 ® R 2 — r 1 ®r 2 £ U(H ® H), then 
(H, R) is called almost cocommutative if for all h £ H, 

(2.1) A cop {h) =RA{h)R- 1 . 

Then by results of Drinfcld 8, Proposition 2.2] (who credits Lyubashenko) or 
Radford [TTJ Proposition 1], S 2 is an inner automorphism induced by u := S(R 2 )R 1 
or by v := S(u)- 1 = S*([/ 1 )[/ 2 where U := R- 1 = U 1 ® U 2 , i.e., 

S 2 (h) = uhu- 1 = vhv- 1 for all h £ H. 

Remark 2.1. If S 2 = Inn w , so that Aog 2 = a -1 — ^ A ■<— a = — ^ A ■<— to, by (| 1 . 5j) 
we have x^^ 1 )^ = x( a 1 ) a = a(a _1 )l. If e(u>) = 1 then a(u;^ 1 ) = a(a _1 ). □ 

If, as well, the element R satisfies the following, 

(2.2) A(^) <g> R 2 = R 1 <8> r 1 <g> i?V, 

(2.3) i? 1 ® A(i? 2 ) = flV ®r 2 ®R 2 , 

(2.4) e(R 1 )R 2 = 1, eiR^R 1 = 1, 
then (7?, i?) is called quasitriangular. In this case, 

(2.5) £7 = SiR 1 ) ® i? 2 = i? 1 ® S^E 2 ), so that (S ® S*)(i?) = i?. 
Furthermore, for it = S(R 2 )R 1 as defined above, 

(2.6) A(w) = (u® u)(R 2 iRy 1 = {R 2 iR)~ 1 (u ® u), where H 2i := i? 2 <g> iZ 1 , 
so that uu = uS^m) -1 e G(i7). 

Remarks 2.2. (i) We note that if a co- inner automorphism tp of an almost cocom- 
mutative Hopf algebra (H, R) is induced by a grouplike in H then 95 is inner. 
Let 7 e G(H°) with convolution inverse 7 -1 and let ip £ Aut(H) be the co-inner 
automorphism induced by 7 -1 as in Proposition II. 21 Then 

(p(h) = r y^ 1 (h 1 )h2^(h 3 ) = whw^ 1 

where w £ W 1 = {j- 1 {U 1 )U 2 1 j{R 1 )R 2 1 "f(U 2 )U 1 ,"f- 1 (R 2 )R 1 }. To sec this, note 
that by IpTj) . 

^(fc) = [7- 1 (C/ 1 /i 2 i? 1 )J7 2 /iii? 2 ]7(/i 3 ) = 7" 1 (C/ 1 )C/ 2 /i 7 - 1 (i? 1 )i? 2 . 

The rest of the statement is shown by using (|2.1|) in a similar manner, 
(ii) If (H, R) is quasitriangular, the map from G(H°) to G(H) given by 

77 a „ := rjiR^R 2 

is a group homomorphism. Also recall that (i/, i?) is quasitriangular where R := 
i?" 1 = i? 2 ® ^(i? 1 ) = S-^R 2 ) ® i? 1 , and so there is also a group homomorphism 
from G( J ff°) to G(H) given by 

7/ 1 — ► b v := 7 7 (5'- 1 (i? 2 ))i? 1 = rf^R^R 1 . 

(The proof of this is explicit in [TTJ Proposition 3].) So in the quasitriangular case, 
using (|2.5[) we see that W 7 = {a 7 , 6 7 }. 
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(iii) As in [8], the map from G(H Q ) to G(H) defined by r\ i— > a^b^-i is a group 
homomorphism with image in G{H) n Z(H). We will see in the next lemma that 
under this group homomorphism a maps to 1. For if finite dimensional, this 
fact was used by Radford [13] in the proof that a factorizable Hopf algebra is 
unimodular. □ 

For the remainder of this section, we assume that (if, R) is quasitriangular. Then 
S 4 = Inn u „ = Inn aaQ = Inn a (, a and we show that the elements inducing the inner 
automorphism S* 4 are all equal. 

Lemma 2.3. Let H be a co-Frobenius quasitriangular Hopf algebra with modular 
elements a G if and a G if*. Then a a — b a . 

Proof. From Remark 12. li x{ u ~ r ) u = a(a~ l )l and a{u~ r ) = a(a^ 1 ). Now, from 
(PI) and (ESI), we have 



x(u 1 )u = a(u 2 1 )S 2 (u 1 1 )w = a(i? 1 r 2 u 1 )S 2 (R 2 r 1 u 1 )u = a (a 1 )a a b a -i. 

since a (a- 1 ) ^ it follows that needed. □ 

Now we prove the main result of this section. 

Theorem 2.4. Let (if, R) be a co-Frobenius quasitriangular Hopf algebra with 
modular elements a G H and a G if*. Then for u and v = as above, 

(2.7) uv = vu = ab a = aa a . 



Proof. By Lemma 12.31 it suffices to show that uv = ab a . 
Let h G if and ^ A G W_ . Then, on one hand, we have 



\(R 2 h 2 )R 1 h 1 ^ X(h 1 J^)k 2 R 1 

\(hiI%)h> l F%S(I%)R 1 



lihR^Si^R 1 
*P \(hr 2 )cr 1 S(Il?)R 1 r 1 = A^r 2 )^ V 1 . 
On the other hand, we compute 

X(R 2 h 2 )R 1 h 1 = X(R 2 3 h 2 )R 1 S(R 2 1 )Rlh 1 

(Aef ) = A^fc)* 1 ^*?) 

*P A(f? 2 ft)f?VS(r 2 ) 

'IP A^/i^Wr 2 )?- 1 ) - X(R 2 h)R 1 S(u). 

Now, by (OJ and (OJ we have X(hh') = a{h' 2 )X{S- 2 \h' x )h) , for all h,h' e H or, 
equivalently, X(h'h) = a^ 1 (h' 2 ) X(hS 2 (h[)) , for all /i, ft-' G if, and therefore 

(A ^ ft)(r 2 )a" 1 itr 1 = X{R 2 h)R 1 S(u) 

= a~ 1 (i^)A(/iS a (iZ?))5(u£- 1 (.R 1 )) 

= a^iS'iRlmhS'iR^S^S'iR 1 ) 

*4# a- 1 (i? 2 )A(fti? 2 )5( U )i? 1 

*P a- 1 (i? 2 )A(ftr 2 )5( U )i? 1 r 1 

= (A-ft)(r 2 )S( U )& Q r\ 

for all /i G if. Since 7J* rat is dense in if* in the finite topology (for example see 
[1]), we may choose h G H such that r (A h)(r 2 ) = r 1 e(r 2 ) = 1, and then we 
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have that a u — S(u)b a = v b a . Finally, since v 1 commutes with grouplikes, 
we obtain that uv — ab a , so the proof is complete. □ 

As in the finite dimensional case, Theorem 12.41 implies the following. 

Corollary 2.5. Let (H,R) be a co-Frobenius quasitriangular Hopf algebra. 

(i) If a — e then S{u)~ 1 u — vu — a, so S(u)~ 1 u does not depend on R. 

(ii) S(u) = u if and only if a a — a . 

Every subHopf algebra of a co-Frobenius Hopf algebra is co-Frobenius [H 5.3.3]. 
If =/= X G J ; ff and X(x) =/= for some x € L, a subHopf algebra of H, then 

= J ; L = kX, and the modular elements are = an = X(xi)x2, and oll = olh 
restricted to L. However in general the spaces of integrals do not coincide (in fact, 
Ker(A) is a subcoalgebra of codimension 1) and the modular elements differ. If L 
is the minimal quasitriangular subHopf algebra of H (see |12|). then we have the 
following. 

Corollary 2.6. For (L, R) C (if, R) minimal quasitriangular, then — a# if and 
only if oil = olh restricted to L if and only if xl = Xh where x * s the generalized 
Nakayama automorphism defined in 

Proof. By Theorem 12. A\ ol = an if and only if a aL — a aH . Write R — J^ i=1 ui % 
vi with the sets of Ui and of Vi linearly independent (cf. [12j). The minimal 
quasitriangular Hopf algebra L is generated by the ut and vi. Then a aL — a aH if 
and only if az, and an agree on the Vi and b aL — b aH if and only if and an 
agree on the u;. The last ecmivalence follows from the definition of the generalized 
Nakayama automorphism. □ 

Note that in the above corollary it is important that (L,R) be minimal qua- 
sitriangular. Let char(fc) be different from 2, and let H = H4, Sweedler's 4- 
dimensional Hopf algebra generated by the grouplike g and the (1, (^-primitive 
x. It is well known that (H, R) is quasitriangular with R = c + £b where c = 
|(1 (g) 1 + 1 (g> g + g (g> 1 — g ® g) and b — \{x ® x — x ® gx + gx ® x + gx ® gx). 
If f ^ 0, then a H = g; if £ = 0, a H = 1. If £, + 0, then a H {g l x ] ) = if 
£ = 0, then an = £• Now the semisimple cosemisimple subHopf algebra L — k[(g)] 
has trivial modular elements and so these agree with those of H if £ = so that L 
is minimal quasitriangular, but otherwise they are different. 

3. S 4 when (H, a) is a co-Frobenius coquasitriangular Hopf algebra 

Recall that for H a Hopf algebra and a : H (g> H — > k, then (H, a) is called 
coquasitriangular if for all h,l,m G H , the map a satisfies: 



(3.1) a(hl, m) — cr(h, mi)o~(l, TO2), 

(3.2) o~(h,lm) = a{hi,m)a(h,2,l), 

(3.3) a[h,l)=a{l,h)=e{h), 

(3.4) lihia(h 2 , h) = o-(hi, h)h 2 h- 



These conditions imply that a is convolution invertible with inverse a o (S <£> Id) = 
er o (Id <S) S^ 1 ), and so a — a o (S <S> S) . If only (|3.4|) holds and a is invertible, then 
(H, a) is called almost commutative. 
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Let (H,<j) be coquasitriangular. Let u £ H* be defined by u(h) := cr(/i2, S(hi)) 
with convolution inverse u^ 1 — a(S (J12), hi). Similarly, define v(h) := (uoS)(h) = 
cr(/ii, S(fi2)) with convolution inverse v~ l {h) = cr(S (hi),fi2)- Then by the argu- 
ment in [7] , S — co — Inn u = co — Inn„-i, that is, 

S 2 {h) = uih^hzu- 1 ^) = v-^h^hiviha). 

In particular, u and v _1 commute. 

Remark 3.1. Note that if 5 2 = co — Inn w with w(l) = 1, then A0S 2 = oj*\*uj~ 1 = 
Lu~ 1 (a~ 1 )\. But as in Remark l2.11 X0S 2 = a(a~ 1 )\ and so uj~ 1 (a~ 1 ) = ala^ 1 ). □ 



The analogue of Remarks 12.21 in the coquasitriangular setting follow. 

Remarks 3.2. (i) If (H,a) is almost commutative, then an inner automorphism in- 
duced by a grouplike element is co-inner. For, let g £ G(H) and let Inn g £ Aut(H) 
be the inner automorphism of H induced by g. Then it is easy to check using (|3 .4[) 
that Inn g = co — Inn w where uj £ ~W g = {a(—,g),a^ 1 (g, — ), a(g , — ), cr _1 (— , g^ 1 )}- 

(ii) Now let (H, a) be coquasitriangular. For g £ G(H), define grouplike elements 
a g and (3 g in H° by a g = cr(— , g _1 ) and (3 g — <r(g, — ). It is easy to check that a g 
and fig lie in G(H°) and that the maps from G(H) to G(H°), g 1— > a g and g 1— » (3 g 
are well defined group homomorphisms. Furthermore, here W g — {a g ,(3 g }. □ 

Now we have the main result of this section. 

Theorem 3.3. Let (H, a) be a co-Frobenius coquasitriangular Hopf algebra with 
modular elements a £ H and a £ H* and with u, v as defined above. Then 

u^ 1 * v = v * u^ 1 = a * [3 a = a * a a . 

Proof. For h,l € H, we compute e = A(/iZ 1 )cr(Z 3 , a _1 5(?2)) in two different ways. 
First, we com pute 



e 



^\(hh)a(l 3 , S(Z 2 )Mi 4) O = ((A - h) * u * a a )(l). 



Next, we see that 

e a(h, X(hih)h2) = a(h, hi)\(l 2 h2) 

= afaXihhiWhdhh!) = <j(l u S(l 2 ))\(l 3 h) = (t; * (ft - A))(/). 

But it is easy to prove directly (or see the second equation in (|1.2|l ). that for all 
p £ H*, we have (A h) *p = A p(S~ 1 (h2)a~ 1 )hi, and therefore 

(A h) * u * a a = A -<— (u * a a )(S~ 1 (h2)a~ 1 )hi. 

Similarly, since p * (h — A) = p(S~ 1 (hi))h2 A, for any p £ H* , we get that 

v*(/i-A) = (tioS)*(/i-A) = u(fti)ft 2 ^ A = A ^ u{hi)S- 2 (h 2 )a(h 3 ). 

Thus (u * a a )(S~ 1 (Ji2)a~ 1 )hi = u{hi)S~ 2 (h2)a(hz). The fact that u * a — v * (3 a -i 
will follow by applying e to this equality, and using the facts that v = uoS = uoS , 
a £ G(H) and a a £ G(H°). For all h £ H, 

(it* a) (ft) = (w*a a )(S'" 1 (a/i)) 

= a a -i(ahi)v(ah2) = a(ahi,a)a(ah,2, S(afts)) 

= a(ahi, S(ah2)a) — <7(afti, 5(ft 2 )) 

'P a(a,,S(ft3)Mfti,S(ft 2 )) = (u*/3 a -x)(ft), 

and thus * u = a * /3 a . 
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Recall that (iJ, a) is also coquasitriangular where a — cr -1 o tw, for tw the twist 
map. It is easily checked that u — v , v = u , cT a — f3 a , and f3 a — a a . Then 
u^ 1 * v — a * (3 a yields v * u^ 1 = a * a a , and the proof is complete. □ 

Dual to Lemma \2. 31 and Corollary [53] we have the following. 

Corollary 3.4. Let {H,a) be a co-Frobenius coquasitriangular Hopf algebra and 
a £ G(H) and a £ G(H°) as above. Then: 

(i) a a = f3 a . 

(ii) If a = 1 then u^ 1 * v = a, so u^ 1 * (uo S) does not depend on a . 

(iii) u o S = u if and only if a a = a . 

Examples of quasitriangular co-Frobenius Hopf algebras include the cosemisimple 
Hopf algebra SL q (2). See [H Example 2.12] for the computation of the modular 
elements; the quasitriangular structure comes from the FRT construction and can 
be found, for example, in [9J. Another example is the following. 

Example 3.5. Let H be the Hopf algebra generated as an algebra by the grouplike 
element g and the (1, (^-primitive element x with gx = —xg, x 2 = 0. (See j2j Section 
4] for details.) Then H is an infinite dimensional co-Frobenius Hopf algebra with 

7^ A £ defined by X(g l x : ') = ^,-1^,1. The modular elements are a = g^ 1 
and a defined by a(g l x 3 ) = 5j,o(— I) 1 - Define a : H (g> H — > k by cr(g l x j , g l x s ) — 
5s,o3j,o(— !)'*■ It is straightforward to check that (H,a) is coquasitriangular. Here 
u = v = u- 1 - v-\ (3 a {g l xi) = tfj.oC-l)-' = ^,o(-l) 1 = a Q ( 5 V). 

Of course, if (H, R) is quasitriangular, and L is a Hopf algebra contained in 
H*, then (L,a) is coquasitriangular where a(a,f3) = a{R 1 )(3{R 2 ). An interesting 
approach to the converse is via multiplier Hopf algebras. 

The results of Drinfcld discussed in this paper have been extended in [6] to 
discrete quasitriangular multiplier Hopf algebras as defined in [16]. A discrete 
multiplier Hopf algebra A is one with a cointegral, so if A has a 1, A is a finite 
dimensional Hopf algebra. For H a co-Frobenius Hopf algebra, then H* r&t is a 
regular discrete multiplier Hopf algebra with integrals, giving interesting infinite 
dimensional examples in this context. The basic theory of multiplier Hopf algebras 
is explained in |15] , that of multiplier Hopf algebras with integrals and their modular 
elements in [5] where the analogue of Radford's formula for S 4 is proved. 

Example 3.6. Section 2] For H as in Example 133] let A = {X <- h\h £ H} = 
H* lat . Then it is shown in 6 that A is a discrete quasitriangular multiplier Hopf 
algebra with integrals. Let lo p £ A map g l x J to Si tP Sj.o- The modular element in 
M(A) is a — X) P ez(~ l) PtJ p; the modular element in M(A) is g . (Recall that by 
duality for multiplier Hopf algebras the dual multiplier Hopf algebra A = H .) The 
multiplier R = Rr 1 = ^2 peZ a p <S> w p £ M(A (g) A) makes (A, R) quasitriangular. 
The dual to R is the coquasitriangular structure from Example 13.51 

For (H,a) coquasitriangular and co-Frobenius, consider the multiplier Hopf al- 
gebra A = H* lat = A ^ H. Let R = a £ (H ® H)*. Since a*(\^h®\^l) = 
a{h\, h)(X /12 <E> A I2) and (A^h®A^-l)*a = a(ah2, 0^2) (A hi ® A h) 
by (fTT2]l . then cr £ M(A® A) := {m £ (H ® H)*\m(A®A), (A®A)m QA®A). A 
similar computation shows that (A -<— h® e) * a £ A® M(A) with similar variations 
on the left and right. The defining properties for quasitriangularity [6] 2.3] then 
appear to follow from the properties of cr. 
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